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I. INTRODUCTION

TuE factorial designs were distinguished as (i) symmetrical factorial . .
designs and (ii) asymmetrical factorial designs. according as the ‘m’
factors Fy, F, ..., F, in a design have (i) each the same number of
levels s and (ii) levels 815 S5 0 e s ' respectively where -all s5’s are
not equal. The problem of construction and analysis of the symme-
trical factorial designs has been solved to a great extent. But not
much work was done on this problem in the asymmetrlcal factorial

des1gns

Yates (1937) first introduced the asymmetrical factorial des1gns
and obtained a number of them. ‘This was followed by others. Nair
and Rao (1941, 1942) defined the asymmetrical factorial designs and
the same authors (1948) treated the problem in detail.

Recently ‘several methods of construction of confounded asym-
metrical ‘factorial designs have been evolved through- the -wotks of -
Kishen and Srivastava (1959), Das (1960) and others. Kishen and
Srivastava obtained the asymmetrical factorial designs of the type
g X S» in blocks of size g X S*, where ¢ < § and .S is a prime power,
through surfaces defined in asymmetrical factonal designs. Das
obtained designs of the type g; X gs X ... X ¢, X §" in ‘blocks of -
size gy X ga X ... X g, X S¥, where ¢;(i=1, 2,...,r) can be any
number, as fractional replications of some correspondlng symmetrical
factorical designs. Both Kishen and Das advanced further methods
. of construction of balanced asymmetrical factorial designs of the type
g % 2% in 2g plot blocks by making use of the properties of balanced
incomplete block designs.

1 part of the thesis work done as Senior Fellowship holder (1961-62) at
LAR.S. (I.CAR).

2 Presently at Central Potato Research Instltute, Simla.
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In the present paper several methods of construction of asym-
metrical factorial designs of the type g X 2" in g x 27 plot blocks
through incomplete block designs are presented. These designs have
t he property that they can be obtained with smaller number of replica~
tions without any loss of precision -on this account.

2. DESIGNS OF THE TYPE g X 22 IN 2g PLOT BLOCKS THROUGH
- P.B.LLB. DESIGNS

We shall first construct designs of the type g X 22 in 2¢ plot blocks
for obtaining the more general class of designs.

2.1. In b Replications.

Let X, A, and B be the three factors at levels ¢, 2 and 2 respec-
tively. The interaction AB can be expressed as the contrast (a — f)
where o stands for the combinations (00 and 11) and 8 for the combi-
nations (01 and 10) of 4 and B.

First we obtain a partially balanced incomplete block design,
with the g levels of the factor X as the treatments, in & blocks each of
size, say, k with r replications. Two blocks will be generated from
each of the blocks of the P.B.I.B. design. Let us take, say, the i-th
block of the P.B.I.B. design. By -associating each of the two treat-
ment combinations in « with all the treatments (levels of X) in the
i~th block of P.B.I.B. design and then by associating each of the two
treatment combinations in B with all the treatments (levels-of X) that
are not occurring in the i-th block of the P.B.I.B. design, we generate
the first block (i 1) of the design: By interchanging o and B in (i 1)
we generate the second block (i 2). Thus, by generating two blocks
from each of the b blocks of ‘the P.B.I.B. design we construct the
asymmetrical factorial design g x 22 in 2b blocks, each of size 2gq.
It can be seen that the number of replications in this design is &.

" Analysis.—It can be shown through least square pfinciples applied

for the estimation of constants in factorial model that the effects of

the two affected interactions 4B and X4B are estimable. mutually
independently. The estimates of the effects of the unaffected inter-
actions and the S.S. due to them can be obtained in the usual manner.

For estimating the effects of the two factor interaction AB, we
define effects ¢, and tg due toit, where #, = (ab)y = (ab);; and tﬁ'
= (ab)oy = (ab)y,, (ab),, being the AB interaction effect in the factorial
model assumed. The normal equations for estimating ¢, and 1g after
eliminating the block effects come out as: T

3
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i+ @ — 0, Sbkg—h),

P, = 2bqt, —

2q _ 29
2 _ 2 _ . .
— 2ty — 4b {k —}~2(qq k) }t 8bk (qq k) ‘. {y

where

= (AB)O - ( )Z By — k) Z By
Pﬂ — (4B), — (") Z B, k)z By

"(AB)O is the total of all observations in the (design mvolvmg
either 00 or 11 comb1nat10ns of A-and B.’

(4B), has 31m11ar meamng as (4B),-

and By, stands for the (ij)-th block total for i=1,2,...,b and

.]—12

With the restriction #, +#g=0 the Equations (1) become

g _ 2
P, = {qu _ g~ 2 (qzq 2k) } te

A (g — 2k)°
Pg ={2b‘1”**2q—}’6 A @
Thus the S.S. due to the interaction 4B is

‘Pa2 + PBZ

- — 2'
5- 2D

.. The estimate of the contrast (¢, — #3) of the interaction- 4B is
Py — Pg

and its variance ¥V is
o 202
(g — 2k)%)°
2bg {1 ~4== }

where ¢2 is the error variance.

N P

By -
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If the design. is such that the interaction AB is not confounded
the variance 7’ of the estimate of the same contrast (¢, — tg) would
be 20%/2bg.

Hence the relative loss of information on AB in the design,

1=(r) - -

It will be seen that if ¢ is even and k is chosen to be equal to ¢/2,
the loss of information on.AB becomes zero and hence the interaction
AB will be unconfounded in the design.

The normal equations for estimating the effects- of the interaction
XAB after eliminating the block effects come out as:

Q‘=(4b__) ZS{Z(b——Z;—}—Z/\) b}_T‘m’

for i=0, 1, 2, . .,(q—l), I 3)

where - R :
’ : { b 2
Qi= Ti—(“)zzalkrBik -
q
j=1 k=1 .

1= (xab)ipy = (xab)yy; = — (¥aB)yy = = (¥ab)yro |
(xab),; = the XAB interaction effect in the factorial model

assumed.

8y, i8 + 1 or — 1 according as x, the. r-th level of x, oceurs
in the jk-th block w1th a or B.

T,, denotes the sum of all the t7s that involve those x;’s,
which are the m-th associates of X; in the P.B.I.B. design,

T; = (sum of all observations involving x,00 or x,11) — (sum
of all observations involving x,01 or.x;10)

and b, g, r, k and A, are the constants of the P.B.LB. . design used
to construct the design g X 22

The method of obtaining the solutions of these equations in #,’s
corresponds exactly to that of the effects x;’s in the case of the P.B.I.B.
design used. The different contrasts among ¢,’s are estimated .with
different. precisions and the design can be called partlally balanced'
asymmetrlc'il factorial design.
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* The S.S. due to X4B can be obtained as X 1,0, — (Z ) . (ZQ)/q-

(Note: 2@, in this case, is not equal to zero.)

2.2. In b-half Replications.

Instead of taking 2b blocks as stated earlier, if we take only one
set of b blocks, i.e., the blocks mumbered (11, 21, 31, ..., b1) or (12,
22, 32, ..., b2), we can get the design g X 22 in b blocks of 2g plots,
i.e., with only b-half replications. (Each of the blocks is a half replica-
tion.) The normal equations in these designs, when blocks (11, 21,
31, ..., bl) are used, for estimating the effects of the interaction 4B
will be as below:

. . Abk? 4bk (g — k)

Pp= {2 -0 _.%ﬁ} tg _i‘ék(g_;’i) e @

I ODRE

S Pg= (4B), — (q;qk)z B

where

'(AB)O and (4B); have the same meaning as in Section 2.1.

Takiﬂg the restriction kt,-+(g — k) tg = 0, we have.
P, =2bkt,; and Pg=2b(q— k) 1g o (5

Thus the S.S. due to AB is

P2 Pt
kT W=k

The estimate of the contrast (f, — #g), of the interaction 4B, is
(4b) {(P./k) — (Pg/q — k)} with variance go?[2bk (g — k). 1If the inter-
action AB was not confounded the variance would have been 20?/bg.
Hence the relative loss of information on AB is (1 — 2k/q)? which
is. the same as in the case 'of designs obtained in Section 2.1 with
b replications.
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The normal equations for estimating the effects of the 1nteract10n
XAB after ehmmatmg block effects come out as: :

' - 4{2(b—21+2/\)——b}
0, = (21; Z AT
for i=0,1, 2, .,(q—l) (6)

The estimates of the effects #,’s and the S.S. due to them can be
obtained as in Section 2.1. :

It is to be added here that these designs in b-half replications, in
general, need neither be equi-replicated nor resolvable. These have
a special significance because of the fact that the estimates of the effects
of all the interactions can be obtained mutually indepéndently and
also the relative loss of information on the contrasts of the affected
interactions remains the same, as in the ease of desighs in & replications.
However, when ¢ is even and k is chosen to be ¢/2, we have b = 2r
and the design will then be an equi-replicated one. In this case inter-
action 4B will be unconfounded and information is lost only on the
interaction XAB.

3. SoME SPECIAL CASES

We shall here consider the two cases of designs obtained through
. (i) a B.I.B. design and (if) a group-divisible design.

In either of these cases the normal equations for the estimation
of the effects of the interaction 4B are unchanged and the relative
loss of information on AB is the same as {1 — (2k/¢)}*>. The normal
equations for the estimation of the effects of the interaction XAB in
these cases will be particular cases of Equations (3) above. We shall
hence consider the normal equations for the estimation of these effects
of XAB, in these two cases (for designs in & replications), and will
solve them to obtain the S.S. and the losses of information on
different contrasts of the interaction.

3.1. Using a B.I.B. Design.
The normal equations for the estimation of the effects of the
interaction XA4B, under the restriction

.2’ t; = a constant, come out as
'Qi = {4b — %«)} ¢ —}— a constant

fori=0,1,2,...,(qg—1) < (7
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- The relative loss of information on any contrast 2 /;#; of the inter-
action XAB is 4 (r — A)/bg = 4k (g — k)/[q* (g — 1)]. Hence the
design would be a balanced one. The total loss of information in
the design = (1 —2kjg)*x; +4k (¢ — B> (q— D X (g—1) = 1
= Number of blocks per replication less by one. -

3.2. Using a Group-divisible Design.

Let the group-divisible design be with m groups, each of 7 elements,
i.e.,, ¢ =mn. Then the normal equations for the estimation of the
effects of XAB under the restriction X¢, = a constant, are
r—2X)

32 : /
) ={4b — 32 (T} t — (7&) M—2) Ty +a clonstant

fori=0, 1: 2:-", (q'—l)' (8)
where ’ ’

Ty =t;:+Ty

~ Solving Equations (8) for t’s 'we get

I3 _— Qi 5
1? 4b _ 32 (}" —_— 1\1): .
2q : .
+ 320 — ) 04 fy - 5 :
. 3R20—2) _32n (/\1—')\2)} in_ 20k — A }

R { == > {41; T
+ a constant '

for i= 0: 15 25 ey (‘1 _ 1)' (9)

where Q, is the sum of Q/s similar to T, of s.

It can be shown easily that the (g — 1) orthogonal, normalised,
linear, independent contrasts of XAB are:

5
I.- the m(n — 1) contrasts X Lz,
. r=1

forj:]_, 25...,(71'—1) and i—= l,2,...,m.

each with relative loss of information 4 (r — A)/bg, where i1, i2, ... in
are the n treatments forming the i-th group of the Group-divisible

design.
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. I, the (m — 1) contrasts Z‘L T foru=1, 2,...,(m—1),

éach with rela’uve loss of 1nform'1t10n

4(r— A) 4 dn (O — AQ)
bg

where T,= )_"',' ?,-

oo r=1

Thus the total loss of information in the design = 1 = Number
of blocks per replication less by one. These results also hold good
in the case of designs in b-half replications.

4, DESIGN§ OF THE TYPE ¢ X 2" IN g X 2 PLoT BLOCKS

. Let X, Ay, As, ..., A, be the factors at levels ¢, 2, 2, ..., 2
respectively. We shall first obtain D;, a design 2* in 27+ plot blocks
with A, 4,, ..., A, as the factors. Let the interactions confounded
between blocks in D; be called as “ the between block set of inter-
actions”. We then divide each of the blocks of D; into two sub-blocks
by confounding one more independent interaction, say I, and hence
2721 more interactions between sub-blocks. Let these 2°-#-1
interactions be called as ““the between sub-blocks within block set
of interactions”. We shall denote by o, all the 2? treatment combi-
nations in the j-th block of D; which have an even number of letters
common with the interaction I and form one of the two sub-blocks
of the j-th block of D,. The remaining 27 treatment combinations,
forming the other sub-block of the j-th block of D;, will be denoted

by B;.

Now, as in the case of desigri ¢ X 2% in 2¢ plot blocks, we obtain,
a P.B.IB. design D, with the treatments in & blocks each of size k.
By combining this P.B.L.B. design D, with D; we construct the design
g X 20 in g X 27 plot blocks.

4.1. In b Replications.

We combine one block say i-th, of the design D, w1th one block,
say j-th, of the design D, to generate two blocks of the asymmetrical
factorial design by a method similar to the one used in Section 2.1
above.. By associating each of the treatment combinations in o, with
all the treatments (levels of X) occurring in the i-th block of D, and by
assocjating each of the treatment combinations in B; with all those
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treatments that are not occurring in the i-th block of D, the (jj1)-th
block of the design is generated. By mterchangmg a; and f; in (ij1)
the block (i72) will be generated.

Thus by combining each of the & blocks of D, with-each of the
2v-2-1 blocks of D, we generate b.2*? blocks of the asymmetrical
factorial design g X 2" in g X 27 plot blocks. The number of replica-
tions in this design will be b.

4.2. In b-half Replications.

As in the case of the designs ¢ X 22 in 2g plot blocks we can obtain
the design g x 2" in g X 2? plot blocks with only b-half replications
by generating only one block (ij1) of it from every combination of
the i-th block of D, and j-th block of D;. The remaining set of blocks
(ij2) also forms a design g X 2* in g X 2? plot blocks with b-half
replications.

In these designs, with b or b-half replications, the different inter-
actions affected are (i) all the interactions belonging to the between
block set, (ii) all the interactions of the type U, belonging to the bet-
ween sub-blocks within block set and (iii) all the interactions of the
type XU.

All the interactions in (i) above are confounded between blocks
of the design and no information is available on them.

By writing down the normal equations, it can be shown that each
of the interactions in (ii) above loses (1 — 2k/q)? relative information,
and that the different contrasts of interactions XU can be estimated,
but with different precisions. If, however, we use a B.LB. design for
the construction, the relative loss of information on the interaction
XU will be 4k (g — k)/q? (g — 1). The total loss of information is
2#? — 1:= Number of blocks per replication less by one.

The estimates of the effects of the affected interactions and their
S.S. can be obtained as in the case of the design ¢ X 22 in 2g plot blocks.
(The unaffected interactions do not create any complications.) It
can be shown that the effects of the different affected interactions can
be obtained mutually independently.

5. DESIGNS OF THE TYPE g X 22 IN 2g Pror Brocks IN Two
REPLICATIONS, WHEN ¢ 1S EVEN

‘

As before , we shall first consider the case of construction of the
designs of the type ¢ x 2% in 2g plot blocks. The generalisation has
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subsequently been indicated in Section 6. These designs in two rephca-
tions are constructed only when g is even, i.e., ¢ = 2m, say.

Tet X, 4 and B be the three factors at levels g, 2 and 2 respectively.
The 2m levels of the factor X are formed into four groups Gy, G,
S and G, of sizes I, (m — 1), I and (m — I) respectively. Let I; denote
~ yel of the factor X for j=1, 2, ..., 2m such that I, I/, for_
i j'. Let I, I, ..., I; be the [ levels of X in Gy; Ly, Iiyos + v o5 Iy be
the (m — I) levels in G L1 Luyes « - o5 Ly the I levels in Gy and

It DToprsas ooos Dow the (m—1) levels in G,

The following incomplete block design with ¢ = 2m levels of
X as treatments in four blocks, each of size m, with 2 replications.will
be used to construct the design 2m X 22 in 4m plot blocks with 2 replica-
tions. The incomplete block design is:

Block No. c Treatments.

B I, I ..., Lo Ly,
2 I T AP TR SR STTERRY
3 I, L ... 1, Iiwvi Jwse- - Ion
4 L Iy 1, I D AT

Note.—The contents of 1st block are taken to be all the I+ (m—D=m
treatments in G; and G,. The contents. of the 2nd block are all the m treatments
in Gy and G,. By replacing the treatments of G, in the Ist block by those of Gy,
the 3rd block is obtained. Similarly by replacing the treatments of G4 in the 2nd
block by those of G, the 4th block is obtained.

From this incomplete block design, we obtain the design g X 22
in 2q plot blocks, with 2 replications by. generating only one block of
the asymmetrical factorial design from each block of the incomplete
b. ock design, by associating the treatment combinations (00, 11) of
A and B in o and (01, 10) in B with the treatments of the incomplete
block design as in Section 2.2. The asymmetncal factorial design
obtained will be as under:
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Block No. A Treatment combinations _

1 La, Lo, ..., Lo, Lpa, Lo, ..., Ty

. LyaBs  Dossbs s TnaBy TugiaBy  DupaioBs s Lo
R R A A
Tnia®s  Lpwats s Lits Tugsats Lussiats oo g

. Lo, . L, ..., Lo, Lap, LB ..., LB,
LissBy  ToBs s LBy Lugra®, Loty -0 Iyo,

. LB, LB, ..., LB, Lya Lo, ..., I,
L1ty Loty ooy Tunt, TpiiBs TmissBs o ovy InB.

where I,a stands for the two combinations [,00 and ;11 and I8 for
the combinations 7,01 and I,10 of the factors X, 4 and B.

In this design the interaction X4B alone is affected. The estimates
of the unaffected interaction effects and their S.S. can be obtained in
the usual manner.

We shall obtain the normal equations for the estimation of the
effects of the interaction XAB after eliminating blocks effects. For
this purpose we shall define the X4B interaction effects, 7,’s for j = 1,
2, ..., 2m where t; = (xab) oo = (Xab),,1; = — (xab),;p, = — (xab),j1.
The normal equations are

16 \ 16
Q1i =8#; — ﬁ) Z tlj + (47’1) Zts,'

for i=1, 2,...,.

cumtia- (£ () Do

for i=1,2...,(m~-=1D,

ot (L @D

for i=1, 2 oo I
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== (9) T () T

E ; i
for” i=1, 2, ....(m—10  (10)
where ..
ty =2¢ in the original -nomenclature; -
I = h4s fgi = tyis Lo = Popigis

?t1j=t1+t2+ LT

§t2i= TR R ST S N
ths; = tm+1+tm+2 + oot
D

Oy Qo O, and Q; are defined similar to 1y, £y, 15y, 4 TeSpectively.

Q;= T,—(Gm) 3. - :
T, = (Sum of all observations due to the two combinations 1,00,

11 of X, A and B) — (Sum of all observations due
- to the two combinations [,01 and -I;10). .

3,, the adjustment for block effects
=B, —B,+B,—B, for j=1, 2,...,1
—B,— B,—By+ B, for j=1+1, I+2,...,m
=—B,+B,—B;+B, for j=m+1, m+2,...,m+tl
= —~B,+ B+ By —B,for j=m+1+1,m+-1+2,..,2m
and B, is the total of observations in the i-th block.

Solving the normal Equations (10) for #s we get

1 1
by = 'g'Qu + m (Z Qs — Z Qs )
i ) i

for i=1, 2,...,1

tz;.= Elz Ooi + ’11@ <Z ng — Z Q4].>.

3

for i=1, 2,...,(m—1])
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= O = 5 — ,)<ZQ1, ZQ3;>

for i=1, 2,...,1

: 1 1 )
Ly= g Q4s — Tgl <Z sz - Z Q4;‘>

i

. for Ti=1,2,...,(m—10 (1)
where Z,‘Q,i is defined similar to X't,; for r=1, 2, 3 and 4.
i i .

The (2m — 1) linear, independent, normalised, orthogonal con-
trasts between t;’s corresponding to the interaction XAB are:

N T : :
I. the (/ — 1) contrasts X p,, t;, for r=1,2,...,0—1).
8=1

m—1 .
II. the (m—I—1) contrasts ' p;;t,;, for i=I1, 2, ..., (m—I-1)

i=1
. . )
III. the (! — 1) contrasts X p.t3; for=1, 2,...,((—1)
8=1

m—}
IV. the(m — I — 1) contrasts J p,t,, fori=1,2,...,(m — [ — 1)
. =1

V. the - contrasts —— (Z t; — th)
' 1 5 ‘
VI. the contrast VQT':_IB Z t2}- —_ Z t‘U .
i

i

and

) m—1
E t ? t
VII. the contrast 3 T =T =T ( u + 3})
[
_— e — 1o, + t .
CA2ml(m — ) <Z “ 2 : 4’)
. i g
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The S.S. due to XAB can b‘e obtained in the usual manner as
Y g, — Bl G0,

For the practical convenience the S.S. with (2m —3) d.f. of XAB
corresponding to the contrasts in I, II, 1II, IV and VII above can be
obtained as :

’ ZTy,— 5Ty)
(T re- G - E2g)
(57 3Ty
S T gy

where T,’s are defined similar to Q,/s for r=1, 2, 3 and 4. The

'S.S. due to 1d.f. of XAB corresponding to the contrast in V can be

obtained from the estimate of the contrast as
m (Z.'Qlf - ZQ:;,-)Z
3 3
161(m — ) /

and the S.S. due to remaining 1d.f. corresponding to the contrast in
VI can be obtained as

(3~ 302)
6m=0

The contrasts in I, II, III, IV and VII above, each with a variance
o2/8 are unaffected in the design and no information is lost on them.
The variance of the estimate of the contrast in V is equalto ma?/8 (m — ).
S0 the relative loss of information on this contrast is //m. Similarly,
the relative loss of information on the contrast in VI is (m — I)/m.

Thus these designs have only 2d.f. of the interaction XAB
affected with the relative losses of information on them as //m and
(m — Djm. The total loss of information in the design //m -+ (m — l){m
= 1 = Number of blocks per replication less by one.

6. DESIGNS OF THE TYPE ¢ X 2" IN g X 2?7 Protr Brocks IN Two
REPLICATIONS, WHEN ¢ IS EVEN

Let X, Ay, As, ..., 4, be the (n 4- 1) factors at levels ¢, 2, 2, ...,
2 respectively. Firstly we obtain the design D,, ie., (2%, 2v5-1) witn
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Ai, Ay, ..., 4, as-the n factors having each of its blocks divided into
two .sub- blocks as in Section 4. Using the same definitions for a,

and £, we combine D1 with the incomplete block design givenin Section 5,

and generate 2"**! blocks of the asymmetrical factorial design,
each of which is of size g x 27, by the method given in Section 4.2.
The number of replications in this design is two.

Using the definitions for the ‘“between block set of interactions >
and “the between sub-block within block set of ‘interactions”, given
in Section 4, it can be seen that in this design (i) all the interactions
belonging to the between block set are completely confounded between
blocks and hence no information is available on them and (ii) all the

interactions of the type XU, where U'is any interaction belorging to .

the between sub-blocks within block set are also affected.

. Defining ¢;(U) .as the j-th effect of the interaction XU, it can be

shown that for any given U only two d.f. of the interaction XU are -

affected. These two d.f. correspond to the two contrasts of XU, viz.,

i ;}7—1{2 t (U)}—. ). ta,\gv)} .

H

v 1
(i) W—“—_D {Z ty; (U) — Z%‘ (U)}

i
with the relative losses of informations //m and (m — /)/m respectively .
The total loss of information in this design is 2%# — 1 = Number of
blocks per replication less by one.
' 7. SUMMARY

In this-paper methods of conétructing designs of the type g x 27
in g x 2 plot blocks through P.B.LB. designs in (i) b replications,
and (ii) b-half replications, where b is the number of blocks of the
P.B.I.B. design, have been described. Another method through which
such designs can be obtained in two replications, when g is even, has
also been presented. - The different interactions affected together with
their losses of information, in all these designs have been indicated
along with the method of analysis. ~
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